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The method of the superposition of a nonlinearity modulation is employed to design a two-dimensional (2D) nonlinear photonic lattice for efficient multiple quasi-phase-matched second harmonic generation in the process of
nonlinear Raman–Nath diffraction (NRND). An analytical solution is proposed to calculate the second harmonic
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Nonlinear Raman–Nath diffraction (NRND) is the most
exciting nonlinear optical phenomenon to occur in periodic nonlinear photonic lattices [1–6]. This phenomenon
appears as multiple second harmonic beams generated at
small angles with respect to the incoming fundamental
frequency (FF) beam, which is defined by the lattice
periodicity [2]. However, NRND is inherently a nonphase-matched nonlinear optical process, which limits
its applications [7]. This inherent limitation could be
overcome by using two-dimensional (2D) nonlinear photonic lattices [8]. In [9], it was reported that the generalization of the conventional quasi-phase-matching (QPM)
technique to fit the case of 2D nonlinear photonic lattices
could be used to obtain efficient, multiple second harmonic generations (SHG) in the process of Cerenkov
nonlinear diffraction. In contrast, the use of the QPM
technique in the case of NRND is complicated, because
different orders have specific phase mismatches. Despite
this, a modification of the QPM technique could help
solve the problem. It has been reported [10] that random
QPM can be employed to increase SHG efficiency. However, in this case, the appropriate reciprocal lattice vectors have arbitrary Fourier amplitudes in a wide range,
and the conversion efficiencies are not high enough.
Another way of increasing the efficiency of the SHG is
to apply the method known as the superposition of nonlinearity modulation [11]. This method makes it possible
to design a nonlinear photonic lattice that provides a set
of desired reciprocal lattice vectors for multiple nonlinear optical processes. This is the most suitable method
for the realization of multiple SHG via NRND. In this
case, specific phase mismatches corresponding to different NRND orders are compensated for by the appropriate
reciprocal lattice vectors with the Fourier amplitudes as
high as possible.
In this Letter, we report our theoretical studies on the
NRND in one- and two-dimensional nonlinear photonic
lattices. We propose a strategy to increase SHG efficiency based on the method of the superposition of quadratic nonlinearity modulation. This method enables us to
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achieve efficient quasi-phase-matched SHG for several
NRND orders simultaneously.
Let us consider the SHG in the one-dimensional (1D)
and 2D nonlinear photonic lattices presented in Fig. 1.
We will introduce a gx; y function that describes the
2D space variance of the nonlinear coefficient over the
lattices and takes the values 1 or −1. This function can
be represented as the multiplication of two functions,
each one corresponding to one space dimension. such
that gx; y  ξxηy.
Let us specify function ηy as a superposition of harmonic oscillations:
ηy  sgn

X


C j sinGY j y  φj  ;

(1)

j

where C j , GY j , and φj are the numerical coefficient, the
primary reciprocal lattice vector, and the phase,
respectively. The signum function can be defined as
sgnx  jxj∕x. Hereafter, we will refer to either the periodic or aperiodic 2D lattices shown in Figs. 1(b) and 1(c),
depending on the type of the function ηy.
In accordance with [7,12], the second harmonic
field amplitude at the distance L in a 1D lattice
(gx; y  ξx) shown in Fig. 1(a) is governed by

Fig. 1. Design of periodic 1D (a) and 2D (b) nonlinear
photonic lattices and aperiodic 2D (c) one.
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A2 K X ; L  α expiLK 2X ∕2k2 

Z

L
0

~
RK X  expiΔkydy;
(2)

where α  πa2 Γ∕2, Γ  −iβ2 I 1 , β2  2πk2 χ 2 ∕n22 , Δk~ 
Δk − K 2X ∕2k2 , Δk  k2 − 2k1 is the wave vector mismatch
between the FF and second harmonic waves, n2 is
the refractive index at the second harmonic frequency,
χ 2 is the quadratic nonlinear susceptibility, and K X
is the spatial frequency. The function RK X  
P
2
2
m ξm exp−a mGX  K X  ∕8 is responsible for phase
matching the transverse components of the FF and second harmonic wave vectors, which produces a series of
second harmonic beams propagating at the angles
θm  arcsinmGX ∕k2 . Here, m  0; 1; 2; … is the
NRND order, GX is the primary reciprocal lattice vector,
and a is the FF beam radius. The Fourier coefficients ξm
for a periodic function with the duty cycle D take the
form ξm  2D − 1 if m  0 and ξm  2 sinπmD∕πm
otherwise. For the calculations, we consider extraordinary waves that are coupled by the relevant nonlinear
coefficient of congruent lithium niobate d33 , i.e.,
χ 2  2d33 . The required refractive index data were
taken from [13]. For the second harmonic amplitude generated in a 1D lattice, the integration of Eq. (2) gives
A2 K X ; L  αL expiL∕2Δk  K 2X ∕2k2 
~
× sincΔkL∕2RK
X ;

(3)

where sincx  sinx∕x.
The expression given in Eq. (2) can be easily generalized to the case of a 2D lattice using the approach from
[14–16]. In this case, the 2D lattice can be represented as
a stack of 1D lattices arranged together along the y direction as depicted in Figs. 1(b) and 1(c). Each 1D lattice
represents a layer contributing to the SHG. The function
ξx of a given layer is an inverse duplicate of the adjacent layers. We assume that the qth layer of thickness
dq is constrained by positions yq−1 and yq , so that
yq  yq−1  dq (y0  0). The function ηy provides a
set of positions yq , where the sign of nonlinear susceptibility alternates. Then, by calculating the second harmonic amplitudes layer by layer, one can obtain the
total second harmonic field amplitude at the exit of
the lattice. Consequently, the second harmonic field
amplitude after N layers is expressed as follows:
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Pq−1

at the distance ϑq  r1 dr . The second harmonic
spectral intensity is given by SK X   jA2 K X j2 .
First, we analyze SHG via NRND in a 1D nonlinear
photonic lattice. In this case, we use Eq. (3). For the
calculations, the following parameters were taken: the
FF wavelength of 1.545 μm, the focal spot radius
a  17 μm, the lattice period of 10 μm, the duty cycle
D  0.75, and the sample length of 1 mm. Under these
conditions, the second harmonic intensity corresponding
to different transverse orders m oscillates along the
media, as shown in Fig. 2(a). The period of oscillations
grows with the order m until it maximizes at the fifth
order. This is due to the nonmonotonic behavior of
the absolute value of Δk~ presented in Fig. 3(a). Note that
as the propagation distance increases, the angular intensities in Fig. 2(a) shift toward larger angles for the first
five orders, in contrast to the sixth one. There is a range
of sample thicknesses and propagation angles where an
odd number of coherent lengths falls within the propagation direction of SHG. In that case, maximum nonphasematched SHG takes place. This situation is similar to the
Maker fringes observed in homogeneous nonlinear
media away from phase matching. The angular shift
of the maxima of the second harmonic intensity in
Fig. 2(a) is caused by the term under the sinc function
in Eq. (3).
In Fig. 2(b), the growth in second harmonic intensity
for the fifth and sixth NRND orders with respect to the
lower ones is due to the contribution from the sinc function in Eq. (3). This factor has maximum effect when
Cerenkov’s radiation condition k2 cosθC   2k1 is
fulfilled; for our case, the external Cerenkov second harmonic angle is θC  24.88 deg . The Cerenkov angle lies
between the angles of the fifth and sixth NRND orders
considered by the function RK X  in Eq. (3). As a result,

2
~
A2 K X ; yq   −iα∕ΔkRK
X  expiLK X ∕2k2 

×

N
X

~ q  − expiΔky
~ q−1 
−1q expiΔky

q1
2
~
 −iα∕ΔkRK
X  expiLK X ∕2k2 

×

N
X

~ q expiΔkd
~ q  − 1:
−1q expiΔkϑ

(4)

q1

The factor −1q accounts for the phase flip at the transition from one layer to another, while the factor
~ q  accounts for the relative phase accumulated
expiΔkϑ

Fig. 2. Angular dependence of second harmonic intensity as a
function of (a) the propagation distance and (b) the angular
distribution of the second harmonic intensity at the distance
L  200 μm in a 1D nonlinear photonic lattice.

1316

OPTICS LETTERS / Vol. 40, No. 7 / April 1, 2015

Fig. 3. (a) Absolute value of the wave vector mismatch versus
the transverse QPM order. (b) Layer thickness as a function of
the layer numbers in the direction y. (c) Reciprocal lattice vector spectra of the periodic (green) and aperiodic (blue) function
ηy.

angular oscillations in the second harmonic intensity
exist in the range from 20 to 30 deg.
When analyzing SHG in 2D nonlinear photonic lattices,
we can refer to either single or multiple QPM, depending
on how many transverse QPM orders are supposed to be
simultaneously matched by the reciprocal lattice vectors
provided by the lattice in the longitudinal direction. We
assume that all longitudinal components of FF and second harmonic wave vectors are matched by the primary
reciprocal lattice vector, resulting in the first-order QPM
for all NRND orders involved.
We consider multiple QPM interactions of the first
three transverse orders (m  0; 1; 2), although the
method used could be applied to an arbitrary number
of orders. For definiteness, we assume that indexes j
in Eq. (1) correspond to indexes m in Eq. (4), i.e.,
j  jmj. Then,
~
 Δk − mGX 2 ∕2k2 :
GY m  jΔkmj

(5)

Under this assumption, an aperiodic 2D lattice must
contain the reciprocal lattice vectors GY ;0  Δk, GY ;1 
Δk − G2X;1 ∕2k2 , and GY ;2  Δk − 4G2X;1 ∕2k2 . According to
Eq. (5), longitudinal QPM reciprocal lattice vectors do
not depend on the sign of the transverse index m. The
structure of the nonlinear lattice under consideration
is described by Eq. (1). We determine the Fourier
amplitudes of these components for the parameters
C j  1 and φj  0. In this case (see also [17]), ηy is
given by
ηy  sgnsinGY ;0 y  sinGY ;1 y  sinGY ;2 y:

Figure 3(b) shows the layer thicknesses provided by
the function ηy of the layer number in the propagation
direction y. The layer thicknesses vary in the range from
8.0 to 12.5 μm, with a mean value of 10.2 μm. It should be
noted that this structure could be fabricated using the
standard electric-field poling technique [18]. As shown
in Fig. 3(c), the Fourier transform of the function ηy
contains a triplet of primary spatial frequencies, with
the Fourier amplitudes ranging from 0.3 to 0.4. These values of the Fourier amplitudes are consistent with the results found in [17]. The spatial frequencies of these peaks
are suitable for the compensation for the wave vector
mismatch for the first three NRND orders. Similarly,
for the case of a single QPM of the mth NRND order,
Eq. (1) reads ηy  sgnsinGY m y. Its Fourier transform is represented as a sharp peak centered at the spatial frequency GY m , as shown in Fig. 3(c), for the case of a
zero order. The corresponding spatial frequency is
GY 0  0.32 μm−1 (modulation period Λ  18.84 μm),
which exactly equals the appropriate wave vector mismatch. As a result, the calculated angular dependence
of the second harmonic intensity derived from Eq. (4)
grows along the propagation direction for the zero NRND
order [Fig. 4(a)]. The second harmonic intensity is four
orders of magnitude higher than the maximum second
harmonic intensity generated at the coherent length in
a 1D lattice. In the same manner, the calculated angular
dependence of the second harmonic intensity for the
case of multiple QPM grows along the propagation direction for the first three NRND orders [Fig. 4(b)]. The second harmonic intensity is three thousand times higher
than the maximum second harmonic intensity generated
at the coherent length in a 1D lattice. One can see from

(6)

Fig. 4. Evolution of the angular distributions of the second
harmonic intensity along the propagation direction for (a) periodic and (b) aperiodic 2D nonlinear photonic lattices shown in
Figs. 1(b) and 1(c), respectively.
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Fig. 5. Resultant angular dependences of second harmonic
intensity at the exit from 1D (gray), periodic (green), and aperiodic (blue) 2D nonlinear photonic lattices shown in Fig. 1.

Fig. 4(a) that the monotonic dependence of the second
harmonic intensity on the distance is observed for a
single QPM interaction. But in the case of multiple
QPM interactions, weak spatial modulations of SHG occur due to the contribution of the phase-mismatched
interactions, which decrease with the increasing propagation length.
Figure 5 summarizes the resultant angular dependences of the second harmonic intensities generated in 1D,
periodic, and aperiodic 2D nonlinear photonic lattices depicted in Fig. 1. These dependences are normalized by
the maximum zero-order second harmonic intensity generated at one coherent length in a 1D lattice. One can see
that multiple QPM enables us to achieve a remarkable
enhancement of SHG and to balance second harmonic
intensities between NRND orders. The angular widths
are larger than those in the case of a single QPM. Note
that the number of periods of second harmonic oscillations falling within the thickness of the lattice is about
50. Therefore, for a shorter wavelength range, we could
expect more efficient SHG, due to the shorter periods of
the oscillations at the same length of the lattice. On the
other hand, the approach developed does not apply the
restrictions on the thickness of crystal, and is only restricted by the possibilities of the standard electric-field
poling technique [18].
Additionally, the optimization of the duty cycle of the
lattice in the transverse direction, the coefficients C j in
Eq. (1), and the length of the lattice in the longitudinal
direction provide a wide range of amplitudes of second
harmonic beams. The desired intensity distribution
between the second harmonic beams can be achieved.
The choice of these parameters is a trade-off between
efficiency and the number of NRND orders employed.
In summary, we have shown that the method of
superposition of quadratic nonlinearity modulation is a
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powerful tool to design 2D nonlinear photonic lattices
providing a desired set of reciprocal lattice vectors suitable for efficient multiple SHG via NRND. The efficiency
of this process can be increased by several orders of magnitude compared to the case of nonphase-matched SHG
in 1D nonlinear photonic lattices. The proposed approach can be applied to similar calculations in other
types of 2D and three-dimensional nonlinear photonic lattices. All that is required is to specify the sequence of the
layer thicknesses along the propagation direction. These
results open up new possibilities for creating nonlinear
multiplexers for the purpose of telecommunication systems, quantum networks, and for optical gratings.
The work was partially supported by the Grant of the
President of the Russian Federation MK-2908.2015.2 and
by RFBR Grant No. 15-02-03838.
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