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�Cerenkov-type second harmonic generation of femtosecond pulses in random one-dimensional

nonlinear photonic crystal of strontium tetraborate is investigated experimentally and theoretically.

Sidebands in angular-spectral dependence of generated second harmonic were detected and found

to be in perfect agreement with calculations. Spectral maximum of generated radiation experiences

deviation from �Cerenkov relation due to influence of nonlinear photonic crystal structure. Pulse

duration and local spectrum of �Cerenkov second harmonic are measured and found to be in fair

agreement with each other. VC 2012 American Institute of Physics.

[http://dx.doi.org/10.1063/1.4767385]

Nonlinear photonic crystals (NPCs),1 which are the

media with the spatial modulation of the second order non-

linear susceptibility, have great potential to convert and to

manipulate radiations in photonics.2,3 Among different

schemes of phase matching attainable in NPCs �Cerenkov

nonlinear diffraction (CND) is under extensive study in

recent years (see, e.g., Refs. 4–14). CND is observed when

fundamental wave induced nonlinear polarization travels

faster in a normally dispersive medium than harmonic wave.

It can be observed in single crystals14 as well as in periodic

and random NPCs. Random NPCs are somewhat more favor-

able as compared to periodic ones when broadband and

widely tunable fundamental radiation is to be converted

using CND process. The feature of CND is strong depend-

ence of the internal diffraction angle upon fundamental radi-

ation wavelength,4,8,9,12 which is defined by �Cerenkov

relation cosh2 ¼ 2jk1j=jk2j, where k1 and k2 are the wave-

vectors of fundamental frequency (FF) and second harmonic

(SH) wave. This phenomenon can be treated as �Cerenkov

rainbow14 or nonlinear superprism (NSP) effect4,8,9 since

angular dispersion typical for CND can be several orders

higher than that in common dispersive devices.8,9 Recently,

cascaded third harmonic generation (THG) was observed in

the CND scheme in two-dimensional (2D) NPC of lithium

niobate15 as well as in random strontium barium niobate

(SBN) crystal,16 and appropriate spectral dependence of the

CND deflection angle was measured for this process.16 In

case of broadband pumping an angular chirp (AC) must be

present within generated radiation beam. The presence of

angular chirp was revealed experimentally by Deng

et al.17,18 using periodically poled lithium niobate (PPLN).

The theory of nonlinear diffraction was developed for nano-

second pulses19–21 and for more general case of femtosecond

ones,22 but the latter still was not used for the study of spec-

tral features of femtosecond pulses generated via CND. One

may expect that while in single crystals the spectrum of SH

generated under CND conditions will be governed by
�Cerenkov relation, in NPCs it will be determined by com-

bined action of �Cerenkov relation and influence of NPC

structure. Random 1D NPC of strontium tetraborate (SBO) is

attractive for these studies. Up to now, random NPCs of

SBO are found to be useful for widely tunable broadband

frequency conversion11,23 and for ultrashort pulse measure-

ments.24,25 Frequency converters based on NPC SBO dem-

onstrate super-noncritical phase matching behavior both on

angular and wavelength tuning.26 SBO is transparent down

to 125 nm, the shortest fundamental absorption edge wave-

length among all nonlinear crystals, and, therefore, it is

promising for VUV applications. Domains found in SBO can

be as thin as 100 nm, the value that still cannot be obtained

in ferroelectrics via poling technique. Antiparallel domains

formed in ferroelectrics via electric field switching at the

temperature well below the temperature of ferroelectric tran-

sition typically have rather thick domain walls due to forma-

tion of charged layers, being the source of residual electric

field component normal to domain walls. This effect can

lead to the enhancement of v(2) in the vicinity of domain

wall. That enhancement was observed in Ref. 17. In this case

the function describing v(2) dependence on the coordinate

becomes more complex. Oppositely, for as-grown domains

formed at the temperature close to the melting point, like in

case of SBO, one can expect that compensation of residual

field will be more efficient. Therefore, domain walls in SBO

are expected to be much thinner than in case of electric field

switching in ferroelectrics and are not expected to have

increased nonlinearity. Particularly, no effect of finite do-

main wall thickness was found in the analysis of tuning

curve of deep ultraviolet radiation generated in NPC SBO.23

In experiments, we used sample of NPC SBO with the

dimensions 6� 3.5� 3.8 mm3 along the crystallographic

axes a, b, and c, respectively. Sample contained sequence of

naturally grown domains with the normal to the domain

walls in the direction of a axis. Femtosecond Ti:sapphire os-

cillator Spectra-Physics Tsunami (repetition rate 82 MHz,

average power up to 820 mW, pulse duration 80 fs) was used

as the source of fundamental radiation. Spatial profiles of

fundamental and SH beams were monitored by Newport

LBP-1 beam profiler. Spectral properties of radiations were

measured by Solar MSDD1000, Ocean Optics USB4000,

HR4000, and Maya 2000Pro spectrometers. Wavelength

scale of spectrometers was precisely calibrated prior to

measurements. Fundamental radiation was directed along b
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axis of SBO. Polarization of fundamental wave coincided

with the polar crystallographic axis c to utilize maximum

nonlinear coefficient dccc of SBO. Fig. 1(a) presents the

CND pattern observed on the screen placed behind the NPC

under study. Two well-shaped SH beams were generated

when focused fundamental radiation passed through the

NPC.

For theoretical description of CND phenomenon we

used classical Akhmanov spectral amplitude approach

recently modified for the case of nonlinear diffraction.22 We

assumed that the fundamental pulse propagates along x axis

(b axis of SBO) as shown in Fig. 1(b). Then, under assump-

tion of nondepletion of the fundamental wave and slowly

varying amplitude approximation for the SH wave, the SH

field amplitude is governed by

ð@=@xþ @=u2@tþ i=2k2r2
?ÞA2ðt; x; yÞ

¼ �igðrÞb2A2
1F2ðrÞF2

1ðt; xÞeiDkx; (1)

where Dk ¼ k2 � 2k1 is phase mismatch between SH and

fundamental wave, r2
? ¼ ð@2=@y2 þ @2=@z2Þ is the trans-

verse Laplacian, A1 is a maximum field amplitude at the fun-

damental frequency, FðrÞ ¼ expð�r2=a2Þ and F1ðt; xÞ
¼ expð�ðt� x=u1Þ2=s2Þ are transverse and longitudinal spa-

tial and temporal profiles of the fundamental pulse field,

respectively, 2s and a are the pulse width and beam radius at

1/e-field strength point, u1;2 are the fundamental and SH

pulse group velocities, b2 ¼ 2pk2vð2Þ=n2
2 is nonlinear cou-

pling coefficient, and gðrÞ is the function responsible for vð2Þ

modulation. The second and third terms in the left-hand part

of Eq. (1) describe the dispersion and the CND effects. Defi-

nition of the function gðrÞ for typical highly randomized

NPC of SBO is complicated; however, if we do not tune the

central frequency of the laser, we can approximately con-

sider random NPC as a superposition of several superim-

posed periodic lattices and choose the periodic structure that

gives the main contribution to the CND at given central fre-

quency of the laser. Thickness of domain walls in gðrÞ func-

tion is supposed to be negligibly small, as must be expected

for as-grown NPC structure.

By using Fourier transformation, the solution of Eq. (1)

can be expressed through its Fourier spectrum as a spectral

amplitude AðX;K; xÞ. Thus, expression for the spectral den-

sity of the second harmonic SðX;K; xÞ ¼ jAðX;K; xÞj2is22

SðX;K; xÞ ¼ ðjaxjÞ2expð�X2s2=4Þ
� sinc

�
xðDk þ �X� K2=2k2Þ=2

�2

RðKyÞ;
(2)

where a ¼ sa2Cðp=2Þ3=2
, C ¼ �ib2I1, b2 ¼ 2pk2vð2Þ=n2

2,

and RðKyÞ ¼ ð
P

m gmexpð�a2ðmqþ KyÞ2=8ÞÞ2, X is fre-

quency detuning from the central frequency of SH wave,

� ¼ ð1=u2 � 1=u1Þ is group velocity mismatch, and Ky is re-

ciprocal superlattice vector (RSV).

The spectral dependence for the internal CND angle can

be obtained using simple formula

h2 ¼ arccosðn1=n2Þ; (3)

where n1 and n2 are the refractive indices of the FF and SH

wave,27 respectively.

Fig. 2 shows experimental and calculated dependences

of the external CND angle in the wide spectral range. Experi-

mental data are in agreement with calculated curve using Eq.

(3). The CND angle demonstrates strong dependence on the

fundamental wavelength and runs up to 90� at the fundamen-

tal wavelength 300 nm. For SBO crystal this dependence is

shifted to the shorter wavelength range in comparison with

the same dependences for lithium niobate and SBN crystals,

for which the CND angle runs up to 90� at 760 and 825 nm,

respectively. The calculated external angular chirp for SBO

FIG. 1. (a) CND pattern on the screen placed 5 cm

after the NPC. The central spot is the fundamental

beam passed through the NPC. Two peripherical

bright spots are the SH beams projections onto the

screen. (b) Experimental geometry. Pseudocolor

spectrum on the screen is an illustration of the angu-

lar chirp.

FIG. 2. Spectral dependence of the external CND angle. Solid line is the cal-

culated curve, and points are experimental data from Refs. 5 and 12.
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is close to 0.327� per 10 nm at the SH wavelength of 400 nm,

which is comparable with angular dispersion of the common

prism. At the same time, this feature is expected to be up to

several degrees per 10 nm at shorter wavelengths that is

higher than angular dispersion of the equilateral prism of the

same material in the same spectral region. It is interesting to

mention that the angular chirp should change the sign at the

fundamental wavelength 1200 nm.

When unfocused fundamental radiation (beam radius

0.45 mm) was directed onto the SBO sample, it produced

CND SH radiation with the pattern consisting of several indi-

vidual beams (Fig. 3(a)). These SH beams are generated by

separate parts of random domain structure within fundamen-

tal beam section. Therefore, random NPC structure contains

several regions with enhanced CND efficiency. The aggre-

gate SH power of all separate beams was measured as a func-

tion of coordinate of fundamental beam position in direction

normal to domain walls (Fig. 3(c), right Y-axis). When fun-

damental radiation is focused to 20 lm beam waist radius,

then, as a rule, single beam is observed in CND pattern as

shown at Fig. 3(b). The SH beam section has elliptic cross-

section with a major axis coinciding with the crystallo-

graphic axis c. The major beam axis size is determined by

fundamental beam divergence, while minor beam axis size is

defined by phase matching conditions, i.e., angular width of

the �Cerenkov noncollinear phase matching. Ellipticity was

measured to be about 2. Intensity distribution in SH cross

section fits Gaussian function along both axes of elliptic

beam spot. The angular divergence of the generated SH

beam in the horizontal plane is close to 2 mrad. Scanning the

focused beam along a crystallographic axis results in SH

power dependence with numerous narrow peaks as shown in

Fig. 3(c) (left Y-axis). Maximum average SH power in one

beam was close to 2 mW that corresponds to conversion effi-

ciency of 0.5% in two beams. This is nearly four times

smaller than efficiency obtained in Ref. 28 where tighter fo-

cusing was used. Subsequent experiments were done when

averaged SH power was tuned to maximum with the help of

scanning NPC along a axis (dashed line in Fig. 3(c)). The

width of SH spectrum was maximum in this case, too.

To measure the SH spectrum distribution across the

beam section, an adjustable width slit was used. The SH radi-

ation was focused in the vertical plane with 10-cm focal

length cylindrical lens onto the slit. Radiation passing

through the slit was completely collected by micro objective

into the entrance of optical fiber linked to the spectrometer

(MSDD1000, Solar TII or HR4000, Ocean Optics). No no-

ticeable spectral distortions due to diffraction at the slit are

expected, as verified by calculations using Fresnel-Kirchhoff

integral in Raleigh-Sommerfeld form. The SH spectrum was

accumulated during the scanning of the slit position at the

pitch of 50 lm in horizontal transverse direction. The slit

width was chosen to be 40 lm that is equivalent to the angu-

lar interval 0.07 mrad, and measured spectra were averaged

within this angular interval. The SH spectra as function of

angular position of the slit are plotted in Fig. 4(a). We can

see that spectral components are nonuniformly distributed

across the beam section, while overall angular and spectral

overlaps are smooth. The shorter wavelength components

propagate at larger angles according to the CND model.

Corresponding theoretical dependence obtained using

Eq. (2) and transformed to wavelength/angle coordinates is

presented in Fig. 4(b). These results are found to be very sen-

sitive to input data. Following data were used in the calcula-

tion: central wavelength of fundamental radiation 800 nm,

FIG. 3. SH beam profiles with unfocused (a) and focused (b) laser beam.

Dependences of averaged SH power on fundamental beam position inside

NPC structure (c). Dashed vertical line corresponds to the waist position,

where experiments were done (enhanced online) [URL: http://dx.doi.org/

10.1063/1.4767385.1].

FIG. 4. Measured (a) (FWHM¼ 3.2 nm; angular width 0.126�) and calcu-

lated (b) (FWHM¼ 3.2 nm; angular width 0.107�) angular dependences of

the CND spectral components within SH beam. Background was excluded

to reveal the sidebands. Measured (c) and calculated (d) spectra of SH (thin

line) and FF (thick line) radiation. Upper scale corresponds to the SH

spectrum.
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fundamental pulse duration 80 fs, confocal parameter

8.7 mm, fundamental beam waist 40 lm (FWHM), interac-

tion length 3500 lm (equal to the thickness of the sample).

Instead of real random structure, periodic structure was used

with the RSV Ky ¼ 4:563 lm�1, exactly corresponding to

the first order of CND at 800 nm. In spite of the latter simpli-

fication, excellent agreement between the shape of measured

and calculated spectral intensity plots is evident. Important

feature of both experimental and calculated dependences is

the existence of “sidebands,” or secondary maxima that look

like lower-intensity replicas below and above the main maxi-

mum. Calculations show that these sidebands are due to
�Cerenkov relation but not to NPC structure. While shapes of

measured and calculated plots fit well, there is 1.5% differ-

ence between measured (16.70� at 800 nm) and calculated

CND angles (16.95�). Measured angular chirp was 0.355�

per 10 nm, in good agreement with calculated one. Similar

scanning of the slit along vertical transverse direction (nor-

mal to the RSV plane) showed no angular changes in SH

spectra. Another important feature that was found in the

experiment is the misfit between maxima of the fundamental

and SH spectra (Fig. 4(c)). Maximum of SH spectrum is

shifted down by 20 cm�1 (0.3 nm) with respect to doubled

central frequency of the fundamental. This effect cannot be

explained by �Cerenkov relation and must be ascribed to the

influence of NPC structure. This conclusion can be verified by

the calculations, the influence of NPC being implemented in

the RðKyÞ factor in formula (2). Expected shape of SH spec-

trum calculated for periodic NPC with the period exactly sat-

isfying �Cerenkov relation and to the condition of maximum

NPC enhancement at 800 nm is presented in Fig. 4(d), in com-

parison with the squared fundamental spectrum. Therefore,

periodic structures designed using �Cerenkov relation must

give the same spectral misfit. However, this misfit can be

compensated by changing the central wavelength of funda-

mental that can be tuned to produce coinciding fundamental

and SH maxima. Alternatively, proper correction can be done

on the stage of NPC structure designing so that corrected pe-

riod of structure enabled maxima coincidence for given cen-

tral wavelength. For example, 20 cm�1 frequency misfit must

be compensated by increasing the RSV value of the structure

under construction by 0.35%, for the material with refractive

index coinciding with SBO. Good coincidence between SH

spectrum calculations and experiment mentioned above sup-

ports the use of thin-wall gðrÞ function in the calculations.

Angular chirp in the CND SH generation process is the

origin of complex spatio-temporal coupling in the propagat-

ing SH pulse that includes pulse front tilt, and hence, its con-

stituents, temporal down chirp and spatial chirp. This

coupling can be detected by measuring local spectrum width

within SH beam. For this purpose we measured full width of

generated SH spectrum as function of slit width to show that

FWHM of the spectrum at the SH beam center converges to

the minimum of 1.1 nm as depicted in Fig. 5. Solid line rep-

resents calculations using formula (2). This spectral limita-

tion gives calculated transform-limited SH pulse duration

close to 214 fs. In the same time, whole spectrum width

(3.2 nm) allows to maintain SH pulse duration as short as 75

fs. To measure second harmonic pulse duration we carried

out cross-correlation measurements by mixing fundamental

and SH radiation in 0.1 mm-thick BBO crystal. For this mea-

surement, it is very important to ensure perfect spatial over-

lapping of both beams. We found that cross-correlation

signal at the wavelength of the third harmonic (central wave-

length 267 nm) is extremely sensitive to the adjustment of

optical scheme. The widest cross-correlation function is fit-

ted well by Gaussian function with FWHM of sCC ¼ 214:5

fs. Therefore, using formula s2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2

CC � s2
1

q
we evaluated

the FWHM of unknown second harmonic pulses as 199 fs.

Corresponding time-bandwidth product was 1.2. The shortest

SH pulse duration that could be retrieved in the course of our

measurements was 170 fs. Both these values are smaller than

expected from local spectrum width. This discrepancy can

be understood in the sense of conclusion obtained in Ref. 29.

It was established that if a part of the measured beam is

involved in the autocorrelation measurement then not global

but local duration is measured, and this value is shorter than

the global pulse duration of spatio-temporally coupled pulse.

Therefore, it is likely that exact duration of SH pulse is deter-

mined by local spectrum and is close to 214 fs.

In conclusion, we have studied the �Cerenkov nonlinear

diffraction of the femtosecond pulses in random 1D NPC of

strontium tetraborate. Sidebands in the angular-spectral

dependence of CND power are detected. Deviation of SH

spectrum maximum off �Cerenkov relation is observed experi-

mentally and was explained by the influence of NPC structure.

Akhmanov spectral amplitude approach is proved to be valid

for modeling the spectra of SH generated under CND condi-

tions in NPCs. These results must be taken into account while

designing both periodic and random NPCs. Local spectral

width within the CND SH beam and CND SH pulse duration

were measured and found to be in fair agreement. Theoretical

approach used may be extended to the calculations of 2D

NPCs. �Cerenkov nonlinear superprism effect may be used for

dispersion management in nonlinear photonics.
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No. 12-02-31167, by the Ministry of Education and Science
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PSB RAS Projects 2.5.2 and 3.9.5, by SB RAS Projects 43

and 101, and by SFU Grant F12.

FIG. 5. FWHM of generated and calculated SH spectrum on slit width.
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